Bubbly suspensions widely exist in many industrial fields, and thus it is very important to deeply investigate the physical properties of bubbly suspensions for the design and improvement of industrial products. In the present investigations on bubbly suspensions, two-and three-dimensional numerical simulations were performed, in which the obtained results showed some differences. To obtain an accurate and reasonable understanding of physical phenomena, it is necessary to clarify the similarities and differences of the computational results between two-and three-dimensional computations. Therefore, two-and three-dimensional computations are simultaneously carried out in order to study the behavior of a single bubble suspended in a Newtonian fluid under simple shear using the volume of fluid method. The trends of bubble deformation and influence on wall shear stress are analyzed in detail. The present study shows that the difference between the two-and three-dimensional computational results is related to the capillary number (Ca). When Ca ≤ 0.6, the computational results, including the bubble deformation and influence on the wall stress, are similar in the two kinds of computations; however, when Ca > 0.6, the results of the two-and three-dimensional computations show great differences. In the two-dimensional simulation, when the capillary number is relatively large, the bubble stretches and rocks, leading to unstable deformation. Correspondingly, the wall shear stress fluctuates with the bubble deformation. In the three-dimensional simulation, tip streaming occurs in the bubble. However, the wall shear stress remains stable after tip streaming appears.
INTRODUCTION
Bubbly suspension exists widely in natural and industrial fields, such as magma flows, petroleum transportation, food processing, cosmetics production, biopharmaceutical processes, etc. (Truby et al., 2015) . Research has shown that the existence of bubbles not only affects the heat and mass transfer efficiency of gas-liquid two-phase flow, but also has a great impact on the apparent viscosity of suspensions (Wu and Sundén, 2016; Merker et al., 2017; Matsunaga et al., 2016) . The variation of the apparent viscosity of suspensions can also affect the hydrodynamic performance of the gas-liquid two-phase flow. Therefore, it is important to understand the variation law and mechanism of the apparent viscosity of bubbly suspensions in order to control and improve the flow as well as the heat and mass transfer efficiencies of bubbly suspensions.
In order to understand the rheological law and mechanism of bubbly suspensions, some scholars have carried out relevant research studies. Some scholars have studied the influence of shear on the bubble shape in suspensions and the subsequent influence on the apparent viscosity through theoretical analyses (Frankel and Acrivos, 1970 Llewellin et al., 2002; Pal, 2004) . With improvements in experimental technologies, experimental studies on this subject have become increasingly popular (Rust and Manga, 2002; Murai and Oiwa, 2008; Tasaka et al., 2015) . Due to the inherent shortcomings of experimental measurements, it is difficult to understand the rheological mechanism of bubbly suspensions, primarily because with the experimental method it is very hard to singly control for the influence of a certain physical factor on the experimental results. With the development of computational fluid mechanics, due to its great superiority the numerical method has been a very important tool used to study bubbly flows. Some scholars have performed extensive investigations on bubbly suspensions using different numerical methods (Lim et al., 2004; Pang and Xu, 2017; Wang et al., 2015) .
For the numerical studies on bubbly suspensions based on different numerical methods, there are two-and threedimensional computations. Two-dimensional simulation is often used in the initial exploration of a subject. Lim et al. (2004) performed two-dimensional computations on the deformation of a single bubble suspended in a Newtonian fluid based on the finite-volume method. They discovered that the apparent viscosity of the suspension increases as the gas volume fraction increases at high capillary numbers, while it decreases as the gas volume fraction increases at low capillary numbers. Pang and Xu (2017) performed two-dimensional studies on the effect of dispersed bubbles on the liquid-phase apparent viscosity using the volume of fluid (VOF) method. They also showed that both the capillary number and the volume fraction have a great effect on the liquid-phase apparent viscosity. Wang et al. (2015) investigated the three-dimensional dynamics of a single bubble in shear flow using the kinetic nature of the lattice Boltzmann method. They investigated the dynamic behaviors of an isolated bubble in flap-induced shear flow and discovered that the capillary number cannot predict the bubble deformation well in wall-bounded shear flow.
Additionally, due to the complex characteristics of bubbles, some scholars have used deformable particles or droplets instead of bubbles to study the particle morphology and rheological properties of suspensions. Kékesi et al. (2016) carried out three-dimensional simulations of the deformation and breakup of a single liquid drop in shear flows superimposed on uniform flows using the VOF method. They found that the larger the shear rate, the more the deformed drop will tilt. When the shear rate is very high, the deformed drop aligns with the flow. Hernandez and Rangel (2017) used a three-dimensional model and the VOF method to discuss the problems of a drop subjected to simple shear in the high constriction geometry under different flow conditions. They showed that the critical capillary number increases for drops more viscous than the medium but it decreases when the medium is more viscous. performed three-dimensional computations to study the rheology of a suspension of deformable viscous hyper-elastic particles in a Newtonian fluid in a Couette flow based on fully Eulerian numerical simulations. They observed that the suspension apparent viscosity decreases with the enhancement of applied shear while it increases with an increase in the volume fraction. explored the reasons for shear thinning in a suspension composed of deformable incompressible spheres in a Newtonian fluid with Couette flow using threedimensional direct numerical simulation. They pointed out that the main reason is the decrease in the effective volume fraction occupied by the suspended spheres due to their deformation.
By reviewing the aforementioned references, it can be found that the bubble (or particle) shape is closely related to the capillary number, and that it also has a direct influence on the rheological properties of bubbly suspensions. However, it can be found that the bubble shape is different in two-and three-dimensional results at the same capillary number (Ca). For example, Canedo et al. (2010) reported that when Ca = 8, the bubble becomes significantly thinner and longer, and the deformed bubble is almost oriented with the flow direction. However, according to Lim et al. (2004) , when the capillary number even reaches 10, the bubble still remains elliptical and the angle between the deformed bubble and the flow direction is much larger than that observed in Canedo et al. (2010) . Thus, it can be seen that the two-dimensional simulation can yield approximate insights into the physical phenomena of bubbly suspensions but its accuracy needs to be checked. Therefore, understanding the differences between two-and threedimensional simulations will help to understand the real behavior of bubbles in bubbly suspensions. Moreover, to our knowledge, specific three-dimensional investigations on the physical properties of bubbly suspensions have yet to be reported. Therefore, it is necessary to carry out three-dimensional simulations of bubbly suspensions. Here, based on the VOF method, two-and three-dimensional simulations are simultaneously carried out to study the bubble dynamics in a Newtonian fluid under simple shear and the same conditions in order to clarify their similarities and differences.
PHYSICAL MODEL AND GOVERNING EQUATIONS

Geometric Model and Computational Conditions
In order to understand the relationship between wall shear stress and bubble morphology, a bubbly suspension is filled into a parallel plate model. A shear flow is generated by moving the upper and the lower boundaries with opposite velocities while the other boundary conditions are periodic. The two-and three-dimensional models of the parallel plates are shown in Fig. 1 . To simplify the present study, the bubbly suspension is dilute, and thus the influence of the interaction between bubbles can be neglected. A single bubble with radius r = 3 mm is placed in the middle of two parallel plates, and the rest of the space is filled with a Newtonian liquid. The upper and the lower plates move in opposite directions at the same constant speed U to form a shear action. The length and width of the plates should be large enough to accommodate the deformed bubble. In order to exclude the influence of the wall effect, the vertical distance between two plates is set to 16 times the radius of the bubble (Zhao et al., 2011) . Therefore, for the three-dimensional model, the length of the plate is l = 60 mm, the vertical distance between two plates is d = 48 mm, and the width of the plate is w = 20 mm; for the two-dimensional model, the vertical distance between two plates is d = 48 mm and the length of the plate is set to l = 300 mm such that the bubble volume fraction is the same as that of the three-dimensional model. For the present models, except for the upper and the lower plates, periodic boundary conditions are used in the other two directions. The viscosity and density ratios between the bubble and liquid phases are set to 0.001 and 0.01, respectively. Here, the influence of gravity is ignored. The computational condition of the two-dimensional simulation is the same as that of the three-dimensional simulation. The computational details are given in Table 1 . 
Design of the Computational Cases
The bubble shape is dependent on many factors, such as the liquid viscosity, bubble size, shear rate, and surface tension. A dimensionless parameter that fully considers the influence of the aforementioned factors on the bubble shape is the capillary number. The capillary number is a very important parameter, and its value can predict the extent of bubble deformation to a certain degree. The capillary number denotes the ratio of viscous shear stress to surface tension. When one bubble is subjected to shear, the viscous shear stress causes it to deform but the surface tension stress tends to keep it spherical in shape. The capillary number is calculated by the following expression:
where µ 0 is the viscosity of the pure liquid (Pa · s); r is the original radius of the bubble (mm);γ is the shear rate (s −1 ); and σ is the surface tension coefficient on the bubble-liquid interface (N/m).
In order to compare the trends of bubble deformation and its influence on the wall shear stress between the twoand three-dimensional simulations, nine cases were designed, as detailed in Table 1 . The two-dimensional model corresponds to Cases 2-1 to 2-3, and the three-dimensional model corresponds to Cases 3-1 to 3-6.
Governing Equations
The computational domain is filled with two different kinds of fluids, namely, the gas bubble and the liquid. The simulation is implemented based on the following three assumptions: (1) both the gas phase and the liquid phase are incompressible; (2) the liquid flow around the bubble is laminar; and (3) the temperature change is neglected. Therefore, the continuity equation can be written as follows:
(2) and the momentum equation can be written as follows:
where ρ is the density (kg/m 3 ); t is time (s); u is the velocity vector (m/s); p is the pressure (Pa); µ is the viscosity (Pa · s); and F is the body force caused by surface tension (N).
VOF Method
The key aspect in studying bubble behavior is to capture the gas-liquid interface accurately. Because the VOF method has the advantages of small storage, fast computation speed, and high precision in interface tracking (Hirt and Nichols, 1981) , it was used in this study to capture the bubble interface. This method tracks the bubble and liquid interface by computing the volume of fluid in each grid rather than the motion of the fluid particle. The transport equation of the phase function is the key equation in the VOF method, which it can be expressed as follows:
where f is the phase function, which is defined as follows: 
When the phase function is obtained, in the two-dimensional computation the local volume fraction of the bubble can be calculated according to Eq. (6):
where the subscript i denotes the ith grid, and S i is the area of the ith grid. For the three-dimensional computation, the local volume fraction of the bubble can be calculated according to Eq. (7):
where the subscript j denotes the jth grid, and V j is the volume of the jth grid. Equations (6) and (7) establish the connection between the local volume fraction and the phase function. The phase function is the computational object, and the local volume fraction is the explicit result of the interface tracking. This is important such that the local volume fraction can be accurately calculated in order to choose the interface construction scheme.
When the computational grid is fully occupied by the liquid or the bubble phase, the thermal physical parameters in the control equations are those of the corresponding pure fluid. However, when the computational grid contains the interface between the gas and liquid phases, the thermal physical parameters in the control equations are calculated according to the weighted sum of the two-phase flows using the phase function. The expressions of the thermal physical parameters, such as the viscosity and density, can be written as follows:
where the subscripts l and a denote the liquid and bubble, respectively. Therefore, momentum Eq.
(3) can be rewritten as follows:
Interface Reconstruction
The interface reconstruction is the key part of the VOF method. For the present computation, the piecewise linear interface calculation method is used to reconstruct the gas-liquid interface. This method takes into account the fluid flow near the gas and liquid interface, thus the computation result is much more accurate. The gas-liquid interface in a single grid is approximately substituted by a straight line segment for the two-dimensional computation and is approximately substituted by a plane for the three-dimensional computation. The gas-liquid interface can be obtained by solving the gradient of the local volume fraction in the grid. Therefore, the unit normal vector of the bubble interface can be computed by the following equation:
Then, the specific position of the lines or planes representing the gas-liquid interface can be calculated by the normal direction and the local volume fraction of the bubble in the current grid. For each grid, the local volume fraction at the next time is the sum of both the net flow of the bubble phase into the corresponding grid and that at the current time. Subsequently, the bubble interface in the whole flow field can be reconstructed using the updated local volume fraction of the bubble phase.
Surface Tension
The effect of bubbles on the liquid phase is realized by the surface tension, and thus the surface tension in Eq. (3) must be calculated. Here, the continuum surface force model is used to calculate this force on the interface (Brackbill et al., 1992) :
Numerical Method
In the present study, the numerical computations were conducted with the commercially available Fluent 19.0 software program. In the present computations, a structured grid was used to generate the grid system. In order to reduce computational cost and maintain computational accuracy, in the three-dimensional computations the grids near the gas-liquid interface were automatically refined with the change of the gas-liquid interface using an adaptive grid technique. Transient laminar flow equations were solved here. The semi-implicit method for pressure-linked equations was used to couple the velocity and pressure fields. The variable gradient at the center of the element was discretized by the cell-based least-squares method, the pressure term was discretized by the PRESTO method, the volume fraction equation was discretized by Geo-Reconstruct (Liu et al., 2013) , and the momentum equation was discretized by the second-order upwind scheme. The time step was ∆t = 10 −5 s for the two-dimensional simulation and ∆t = 5 × 10 −6 s for the three-dimensional simulation. The first-order implicit scheme was used for the time discretization. For all of the computational cases, the Courant number was kept below 0.03, such that the computational accuracy was maintained.
RESULTS AND DISCUSSION
Check of Grid Independence
In numerical computations, the result should be independent of the grid system. In order to choose the proper grid system, five kinds of the grid systems were designed for both the two-and three-dimensional calculations. For the two-dimensional calculations, the grid sizes were 0.300 mm (Grid 1), 0.267 mm (Grid 2), 0.233 mm (Grid 3), 0.2 mm (Grid 4), and 0.167 mm (Grid 5). For the three-dimensional calculations, the initial grid sizes were 3 mm (Grid 6), 2 mm (Grid 7), 1.5 mm (Grid 8), 1 mm (Grid 9), and 0.5 mm (Grid 10). The grids near the gas-liquid interface were automatically refined three times in the calculation process, and thus the grid sizes after being refined were one-eighth that of the initial grid sizes. The harshest case was selected as an example to verify grid independence, i.e., Ca = 2.5. Figure 2 shows the velocity distribution along the y-axis and the distribution of wall shear stress on the lower plate of the two-dimensional computations for the five kinds of grid systems when the computation converges. Figure 3 shows the velocity distribution along the z-axis and the distribution of wall shear stress at the intersection of the upper plate and the x-z plane of the three-dimensional computation for the five kinds of grid systems when the computation converges. It can be seen from Figs. 2 and 3 that with the refinement of the grid system the calculation results tend to overlap. In order to obtain accurate results and reduce computational cost, Grid 4 was applied to the two-dimensional computations and Grid 9 was applied to the three-dimensional computations.
Check of Time Step Independence
It cannot be denied that besides the grid size, the magnitude of the time step also has an important influence on the computational results. Here, the time steps ∆t = 10 −4 , 4 × 10 −5 , 2.5 × 10 −5 , and 1 × 10 −5 are taken to determine the proper time step for the two-dimensional computations, and ∆t = 1 × 10 −4 , 6 × 10 −5 , 2 × 10 −5 , and 5 × Figures 4 and 5 show the distributions of the velocity and wall shear stress under the same conditions as described in Section 3.1 for the two-and three-dimensional simulations, respectively. As shown in Fig. 4 , when ∆t = 2.5 × 10 −5 and 10 −5 , the curves of the velocity and wall shear stress almost coincide. It can be seen from Fig. 5 that when ∆t = 2 × 10 −5 and 5 × 10 −6 , the curves of the velocity and wall shear stress almost coincide. To ensure the accuracy of the computations and to reduce computational cost, ∆t = 10 −5 was applied to the two-dimensional computations and ∆t = 5 × 10 −6 was applied to the three-dimensional computations. 
Check of Result Validity
In order to check if the present computations are reliable, the shape and orientation of the bubble were compared between the computational and theoretical results for Cases 2-1 and 3-1 with the small capillary number. The bubble to reach steady deformation is shown in Fig. 6 . As shown in Fig. 6 , the shape is elliptical-like from the front view. Taylor (1932) defined the bubble deformation parameter (D) as follows: where a and b are the long half-axis and short half-axis, respectively, of the deformed bubble. Taylor (1932) also pointed out that when Ca ≪ 1, D ∼ = Ca. The spherical bubble in a Couette flow field will distort more or less under shearing, thus the long axis of the deformed bubble lies at a certain angle (θ) with respect to the flow direction. Rallison (1981) proposed the following expression for the orientation angle (θ) with respect to the capillary number, i.e.:
The values of D and θ in the present simulation and theoretical calculations are listed in Table 2 . It can be seen from Table 2 that the computational results are in good agreement with the theoretical results when the capillary number is small, which shows that the present computations are reliable.
The bubble shape is a key factor in the bubble dynamics, which has an important influence on the wall shear stress (namely, the apparent viscosity of bubbly suspensions). In order to understand the similarities and differences of the bubble deformation and its influence on the wall shear stress between the two-and three-dimensional simulations, the bubble shape and wall shear stress are analyzed in detail subsequently. Figure 7 shows the deformation process of the bubble and the variations of the wall shear stress on the lower plate with the computational time for Cases 2-1, 2-2, and 2-3. It can be seen from Fig. 7 that when Ca = 0.1, the deformation of the bubble is slight, and the bubble almost remains circular due to the viscous shear stress being far less than the surface tension. When Ca = 0.6, the bubble deformation is sharp due to the increase in the viscous shear stress. The shape of the bubble changes from circular to a slender ellipse when the deformation finishes. The orientation angle is less than that when Ca = 0.1. When Ca = 2.5, the bubble deformation becomes very sharp because the viscous shear stress is much larger than the surface tension and the bubble deformation is not stable. It is not a single stretching process but a combination of stretching and rolling processes. When the bubble shape stabilizes, the orientation angle decreases further with respect to the orientation angle at Ca = 0.6. Thus, it can be concluded that the bubble deformation process is unstable in the two-dimensional computation when the capillary number is relatively large. Figure 7 also shows the variations of wall shear stress with the computational time for Cases 2-1, 2-2, and 2-3. In order to facilitate the comparison, the wall shear stress (τ w ) is normalized by that of the pure liquid (τ w0 ) under the same shear. It can be seen from Fig. 7 that the wall shear stress tends to be stabilized more quickly with the computational time when Ca = 0.1 and 0.6. When Ca = 0.1, the value of the wall shear stress in the suspension is greater than that in the pure liquid. When Ca = 0.6, the wall shear stress almost approaches that in the pure liquid. However, when Ca = 2.5, it is obvious that the wall shear stress fluctuates first and then slowly becomes more stable with the increase in time. The value of the wall shear stress in the suspension is much less than that in the pure liquid. In other words, with an increase in the capillary number the wall shear stress decreases, which is consistent with the results given in Pal (2016) .
Bubble Deformation and Influence on Wall Shear Stress
Combining the evolutions of the bubble deformation and the variations of wall shear stress with time, one can see that the wall shear stress of bubbly suspensions is directly dependent on the bubble shape. In particular, for the case of Ca = 2.5, the unstable deformation of the bubble causes the fluctuation of the wall shear stress. Therefore, it is very important to understand the physical properties of bubbly suspensions in order to accurately compute the bubble shape. Figure 8 shows the deformation process of the bubble with time for the three-dimensional computation. It can be seen from Fig. 8 that the bubble deformation becomes increasingly sharper with an increase in the capillary number. The bubble deformation is consistent with that of the two-dimensional computation when Ca = 0.1 and 0.6. However, when Ca = 2.5, the stretching and rolling behaviors do not appear in the deformation process in the three-dimensional computation, which is different from the two-dimensional computation. In particular, tip streaming happens in the latter case. In fact, it is found that tip streaming begins to appear when Ca = 0.8. It can be seen from the present three-dimensional computation that the bubble begins to break up when Ca > 0.6. It was pointed out by Stein and Spera (1992) that tip streaming occurs when Ca > 0.56, at which point the interfacial capillary stresses in the vicinity of highly pointed bubble tips are sufficient to initiate the ejection of tiny daughter bubbles. This phenomenon is in good agreement with the results of the present three-dimensional simulation. The volume of the mother bubble decreases because of the tip streaming, which leads to a decrease in the capillary number of the mother bubble. Namely, the effect of the viscous shear stress on the bubble shape is weakened, and the bubble is no longer elongated. Therefore, stretching and rocking cannot occur in the bubble. In addition, the volumes of the daughter bubbles are much smaller than that of the mother bubble, and their shedding does not cause a drastic change in the shape of the mother bubble. Therefore, the shape of the mother bubble is basically stable. Figure 9 shows the variations of wall shear stress with time for the three-dimensional computations. It can be found that when Ca = 0.1, the value of the wall shear stress in the suspension is larger than that in the pure liquid. When Ca = 0.6, the value of the wall shear stress in the suspension is similar to that in the pure liquid. The changing trend of the wall shear stress with the computational time for the three-dimensional computation is the same as that of the two-dimensional computation when Ca ≤ 0.6. When Ca > 0.6, the value of the wall shear stress in the suspension is smaller than that in the pure liquid, and fluctuation of the wall shear stress does not appear. In summary, Figs. 8 and 9 show that for the three-dimensional computations the wall shear stress tends to be stable as the bubble deformation stabilizes, and the tip-streaming behavior of the bubble does not have a sharp influence on the wall shear stress. Figure 10 shows the variations of the wall shear stress with the capillary number for the two-and three-dimensional simulations and the corresponding experimental results (Sung et al., 2010) . It can be found that the results of the two-and three-dimensional simulations agree with the experimental results on the overall trend. Namely, the wall shear stress in both computations decreases with an increase in the capillary number. However, it is also clear that the three-dimensional results are far more accurate than the two-dimensional results in relation to the magnitude of the physical parameters.
Analyses of the Influence Mechanism of Bubbles on Wall Shear Stress
The variations of wall shear stress actually represent the variations of the drag in the flow field. The larger the wall shear stress, the greater is the flow drag. For the bubble in bubbly suspensions, the influence of bubbles on the flow field is mainly manifested by three aspects. (1) The drag induced in the flow direction by the bubble is due to the distorted streamlines of the liquid around the bubbles. (2) The bubble reduces the friction in the liquid due to the free slip surface provided by the bubble surface such that the liquid flow is promoted. (3) In the flow process, there is internal friction in the liquid. When the bubble is added into the liquid, the bubble takes up part of the space instead of the liquid, which can make the original internal friction decrease. Note that aspects (1) and (2) are closely related to the bubble shape. The obstruction of the bubble to the flow leads to the formation of a region with a high shear rate around the bubble, while the free slip surface provided by the bubble represents the region with a low shear rate around the bubble. Therefore, to comprehensively understand the wall shear stress (the apparent viscosity) in the whole domain, the shear rate and the viscous dissipation rate are analyzed in the subsequent sections.
Shear Rate
The differences in the bubble deformation and the variation trend of the wall shear stress between cases Ca > 0.6 and ≤ 0.6 for the two-and three-dimensional simulations have been discussed in Section 3.4. To understand these differences, the shear rate distributions for these two cases are analyzed. Thus, the mechanism for the influence of the bubble deformation on the trend of wall shear stress may be concluded effectively. The shear rate can be calculated with the following expression (Liu et al., 2013) :
The value of the shear rate is different for different cases due to the different plate speeds (U ). In order to facilitate the comparative analysis, the relative shear rate is defined as follows:
whereγ 0 is the shear rate without the bubble (s −1 ). Figure 11 shows the time-dependent relative shear rate distribution for the two-dimensional computation. Because the gas viscosity is very low in comparison with that of the liquid, the shear rate outside the bubble is only discussed. When Ca = 0.1, the bubble deforms slightly, and almost remains circular in shape. Therefore, the obstruction by the addition of the bubble is large in the flow direction, and the slip surface provided by the bubble is almost negligible, which results in the large shear rate around the bubble. This may be the reason for the larger wall shear stress than that seen in the pure liquid. When Ca = 0.6, the bubble deformation is relatively sharp and the bubble is elongated along the flow direction, which leads to a decrease in the obstruction in the flow direction and an increase in the area of the free slip surface on both sides of the bubble. Therefore, the shear rate near the bubble decreases and the wall shear stress decreases in comparison with that when Ca = 0.1. When Ca = 2.5, the bubble deformation is very sharp and the bubble stretches and rolls periodically. Correspondingly, the variation in the shear rate is also very complex. By selecting one of the complete rocking cycles in order to study the shear rate distribution, as shown in Fig. 11 , it can be seen that when t = 0.28 s the long axis of the bubble is almost parallel to the flow direction. Large areas of free slip surfaces appear on both sides of the bubble, which leads to a decrease in the shear rate around the bubble. Therefore, the wall shear stress becomes very small.
For the two-dimensional unstable deformation of the bubble when Ca = 2.5, this can be analyzed by understanding the relative importance of the viscous shear stress to the surface tension around the bubble. The viscous shear stress decreases due to the decrease in the shear rate but the surface tension remains constant; therefore, the influence of surface tension on the bubble shape becomes important, which causes the bubble to shrink. After the bubble shrinks, the free slip surfaces provided by the bubble decrease again. This increases the shear rate near the slip surface such that the viscous shear stress on the bubble increases and the bubble is stretched again. After this similar process repeats several times, the bubble shape tends to be stable. Because the wall shear stress is directly related to the bubble shape, the wall shear stress fluctuates correspondingly. Figure 12 shows the time-dependent relative shear rate distribution on the x − z plate for the three-dimensional simulation. When Ca = 0.1 and 0.6, the shear rate distribution is similar to that for the two-dimensional simulation all of the time. When Ca = 2.5, the shear rate distribution for the three-dimensional simulation is also similar to that for the two-dimensional simulation at the initial time. When tip streaming occurs, the shear rate distribution does not change too much, and thus the wall shear stress remains stable, although the shape of the bubble changes. In other words, when Ca > 0.6 the high shear rate leads to unsteady deformation of the bubble in the two-dimensional computation and causes tip streaming of the bubble in the three-dimensional computation. This difference contributes to the different trends in wall shear stress in the two-and three-dimensional simulations.
Viscous Dissipation Rate
Analyzing the viscous dissipation rate of bubbly suspensions greatly improves the understanding of the variations in wall shear stress. As a matter of fact, the larger the viscous dissipation rate of bubbly suspensions, the greater is the corresponding wall shear stress. The viscous dissipation rate describes the amount of energy loss by fluid viscosity when the fluid flows. The expression for the viscous dissipation rate of a single-phase flow field can be written as follows:
For bubbly suspensions, the viscous dissipation rate can be expressed as follows:
whereγ l is the average shear rate of the flow field outside the bubble (s −1 ), andγ a is the average shear rate inside the bubble (s −1 ). In order to facilitate comparisons, a relative viscous dissipation rate Φ r is proposed as follows:
where Φ 0 is the viscous dissipation rate without the bubble (m 2 · s −3 ).
Interfacial Phenomena and Heat Transfer
As a matter of fact, the bubble shape is directly related to the local shear field when the surface tension remains unchanged. To further analyze the reason why the unstable deformation happens to the two-dimensional bubble, Fig. 13 shows the variations of the average relative shear rate with time when Ca = 2.5. It can be seen that the average relative shear rate fluctuates with time for the two-dimensional computation; however, the average relative shear rate remains stable from t = 0.6 s in the three-dimensional computation. This fact shows that the shear field around the bubble in the two-dimensional computation is more unstable than that in the three-dimensional computation. The unstable shear field around the bubble can change the viscous shear stress on the bubble, which may be the main reason why the unstable deformation of the bubble occurs in the two-dimensional computation. It cannot be denied that for the two-dimensional computation, the bubble shape should be more like a cylinder than a sphere. Many studies have showed that the wake flow is more unstable for a cylinder than for a sphere when the Reynolds number is the same (Ern et al., 2012; Li et al., 2003) . Figure 14 shows the variations of the relative viscous dissipation rate with the capillary number for the twoand three-dimensional simulations. The variation trend of the relative viscous dissipation rate is similar to that of the wall shear stress. When Ca = 0.1, the viscous dissipation rate in the two-dimensional computation is a little higher than that in the three-dimensional computation, both of which are larger than that for the pure liquid. Thus, the wall shear stress in the suspension is greater than that in the pure liquid. When Ca = 0.6, the viscous dissipation rate of suspensions approaches that of the pure liquid, and the viscous dissipation rate in the two-dimensional computation is lower than that in the three-dimensional computation. This can explain the reason why the wall shear stress in the twodimensional computation is lower than that in three-dimensional computation. When Ca > 0.6, the lower viscous dissipation rate contributes to the lower wall shear stress in the suspension compared with the pure liquid, and the difference in the viscous dissipation rate between the two-and three-dimensional computations further increases. This leads to the wall shear stress in the two-dimensional computation being much lower than that in the three-dimensional computation. All in all, the three-dimensional computation always achieves relatively accurate results. 
CONCLUSIONS
In this paper, two-and three-dimensional parallel plate models are used to simulate in detail the deformation of a bubble and its influence on wall shear stress under simple shear by employing the VOF method. Through analyzing and comparing the present results, the following conclusions were obtained:
1. The accuracy of the computational results in the two-and three-dimensional computations and the differences between them are related to the magnitude of the capillary number. When the capillary number is very small (Ca = 0.1), both the two-and three-dimensional computations can obtain similar computational accuracy for the present problem. However, with an increase in the capillary number, the deviation from the correct results in the two-dimensional computation becomes larger and larger.
2. When the capillary number is relatively large (Ca > 0.6) the two-dimensional computation cannot obtain correct results for bubble deformation. For example, in the present computation, when Ca = 2.5 the bubble shows an unstable process of deformation and does not have the tip-streaming phenomenon, which is completely different from the actual physics. Thus, this causes inaccuracies in the magnitude of other physical parameters, such as the wall shear stress, apparent viscosity, and viscous dissipation rate.
3. In short, the two-dimensional computation only obtains approximate analyses for the present physical problems when the capillary number is relatively small, and this is in the absence of quantitative accuracy.
